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ABSTRACT: We present a concise introduction to the bootstrap program for superconfor-
mal field theories with defects, using %—BPS operators in d = 4, N' = 4 Super Yang-Mills
theory with a %—BPS boundary defect as a central example and following the work of Liendo
and Meneghelli [1|. Starting with an analysis of the constraints imposed by conformal sym-
metry on the correlation functions of primary operators, we then set up the conformal
bootstrap by requiring OPE associativity. Building on this foundation, we extend the dis-
cussion to superconformal field theories in the presence of extended operators, introducing
the superspace formalism to describe such setups. We then derive the superblock expansion
for two-point functions of %—BPS operators, along with the corresponding superconformal
Ward identities. Additional details regarding analytical and numerical techniques employed
throughout this project are provided in the appendices.
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1 Introduction

A fundamental challenge in theoretical physics is the delineation of the space of consis-
tent quantum field theories (QFTs). Conformal field theory (CFT) |2-4] offers a powerful
framework in which to attempt this task. CFTs are characterized by the absence of a
dimensionful scale and describe the critical behavior near fixed points of renormalization
group (RG) flow [5], providing insights into the evolution of QFTs across energy scales. For
a pedagogical and comprehensive treatment of CFT, see [6]. In this work, we exploit the
properties of CF'Ts, which can be defined axiomatically through their core observables, cor-
relation functions, without requiring a Lagrangian description. These correlation functions
satisfy consistency conditions such as conformal symmetry, unitarity, and crossing sym-
metry. The program that leverages these conditions to determine fixed-point data, such
as critical exponents and operator-product expansion (OPE) coefficients, is known as the
conformal bootstrap [7-11|. See [12] and references therein for a review of recent progress.

Beyond their applications in condensed matter and particle physics, supersymmetric
extensions of CFTs; called superconformal field theories (SCFTs), are also of interest for
their formal connections to the AdS/CFT correspondence [13]. This duality relates SCFTs
to gravity theories in AdS spacetimes, with d =4, N' =4, SU(N) Super Yang-Mills (SYM)
arising as the worldvolume theory describing a stack of N D3-branes in type IIB superstring
theory on AdSs x S°. Notably, N' = 4 SYM is superconformal for any value of the coupling
g [14]. Its field content is reviewed e.g. in [15]. In this work, we focus on 3-BPS operators
in N =4 SYM, defined as symmetric-traceless combinations of its six real scalar fields ¢;:

W(,u) = Tropn) [(u - $(2))7] = [(u'¢1(2))]" o € BiB[0; 015770, p>1,  (1.1)

where the complex null vector u € C6, 42

= 0 is used to contract R-symmetry indices. These
operators belong to short multiplets annihilated by half the supercharges and the notation
will be made explicit in the main text. Their scaling dimensions are protected from quantum
corrections, ensuring that two- and three-point functions remain uncorrected, while non-
trivial dynamics emerge at the four-point level [16-22], see also the reviews [23, 24].
While much attention in SCFTs has been on local operators, extended objects preserv-
ing part of the bulk supersymmetry, called defects, offer a richer class of observables. They
provide new ways to partially or completely break symmetries in a controlled manner, prob-
ing new physics. This work focuses on %—BPS boundary defects, which are holographically
modeled as D-branes [25-30]. Superconformal boundary conditions in N’ = 4 SYM were
systematically explored in [31] and an account of (super)conformal defects given in [32].

Outline We review the foundational aspects of conformal kinematics and the bootstrap
program in Section 2. Section 3 extends these ideas to superconformal setups, focusing on
defect theories, the superspace formulation, and the decomposition of correlation functions
into superblocks. Section 4 presents the derivation of the bootstrap equations, detailing
the construction of bulk and boundary superblocks, contributing supermultiplets, and the
role of superconformal Ward identities. We conclude in Section 5. The appendices provide
additional technical details, including elements of conformal field theory, the differential
equations governing superblocks, and the analysis of contributing representations.



2 Conformal Kinematics and Bootstrap

We start by reviewing the bootstrap program of conformal field theories, following [33-36].
While we assume familiarity with conformal field theory (CFT) in the main text, the con-
cepts and the notation that are central to this work are reviewed in Appendix A: conformal
transformations, radial quantization, conformal weight, conformal primaries and descen-
dants, shortening conditions, state-operator map... In this section, we turn our attention to
constraints imposed by conformal invariance on observables, i.e. correlation functions of pri-
mary operators. While this can be done rigorously solving Ward identities for the conformal
group, we adopt here a simpler approach: the embedding space formalism |2, 37-39).

Embedding Space Let 2# = (z!,...,2%) be coordinates of d-dimensional Euclidean
space. The action of the Euclidean conformal algebra so(d + 1,1) is most elegantly re-
alized by embedding R? in (d + 2)-dimensional Minkowski space as a null projective cone
with coordinates PM = (P, P~, P!, ..., P%) and line element

ds* = —dPtdP~ + 6,,dP*dP", p,v=1,..,d.
The null projective cone corresponds to the subspace
C= {P c RV (P.P=PMPy =0) A (PM ~ APMVYN € R+)} : (2.1)
We define the Poincaré section C C by PM = (1,z,2", 2*), which we can choose whenever

Pt # 0 (this is just the point at infinity). The action of a (d + 2)-dimensional Lorentz
transformation A € SO(d + 1, 1) is linear and takes PM s (AP)M. By construction,

(APM
(AP)*

PM — (1,22 zH) — (1,22, 2'")
is a non-linear map R? — R? sending z* + z*, which can be shown to amount to a
conformal transformation in d dimensions [33, 40]. As a result, we are free to realize
conformal transformations in R? by simpler linear transformations in RV%*! instead. The
scaling property

Oa(x) = Q(z)"2(R(z) - Oa)(x)

of primary operators Oa under conformal transformations sending g, (z) — Q(z)2g,. (2)
is translated to the requirement that the corresponding field Oa in embedding space be
homogeneous of degree —A in P4 [33],

OA(AP) = A20A(P), Oa(z") = Oa(1, 2%, 2H). (2.2)

The embedding space will be helpful in deriving simpler differential expressions for Casimir
operators later on. We may readily derive constraints on low-point correlators:

e translation invariance forces the 1-point function to be a constant. For (2.2) to hold,

1, O0=1

0, otherwise.

(Oa(P)) = { (23)

All 1-point correlators thus vanish in a CFT unless the theory is defined on a space
with boundaries or other specific features. Moving on,



e the 2-point correlation function of scalar primaries of weight Ay, Ay must write

(Oa, (P1)0Onp,(P)) = @f#)&éAlAy c12 a normalization constant,

which is the most general Lorentz-invariant expression consistent with (2.2).! Noting
that —2P; - Py = (1 — x2)2 the two-point function is projected onto physical space to

(O, (21) Oy (02)) X (o DO (24)

e Applying the same logic, 3-point correlation functions of scalar primaries write

A123
2 (Lop, . py)tHH

(Or,0n,0n,) =

A2+A3 A

(2.5)

which is the most general expression for a SO(d+1, 1) singlet homogeneous of degrees

1+2

(—2P1 Pg) ( 2P2 PS)

—A1, —As and —Ag in P;, P, and Pj respectively. The \’s are structure constants.

e Recall that the conformal group leaves correlation functions invariant under global
transformations. This implies that the functional dependence of the latter must reduce
to combinations of invariants formed from the spacetime coordinates. With four
operator insertions, the two ratios

2 2
u= <x12x34> and v = (W’> . Tij =X — X (2.6)

T13724 T13T24

turn out to be conformally invariant as well [40]. This means that the most general
form of the 4-point correlation function of scalar operators is only constrained up to
an arbitrary function F'(u,v) multiplying the kinematic factor,

CA—A,
(Oa, (21)0n, (22)0n4(23) Oy (24)) = Fu,v Hﬂfw , A= ZA (2.7)

1<j

CF'Ts enjoy one further property allowing to simplify the calculation of correlation functions:
the operator product expansion (OPE).

OPE The OPE can be straightforwarly derived from considering the insertion of two
operators O;(x) and O3(0) inside of a sphere in radial quantization. Let |¥) be the state

generated at the surface of the sphere, |¥) = O1(x)02(0)|0). As a state in a CFT, |¥)
must admit a decomposition along a basis of conformal primaries and descendants, so

[T) = O01(2)02(0 2012 z, P)|A) = 2012 3y)Oa (y)]y=0/0)

where we used the state-operator map (see Appendix A) in the last equality above, as well
as translation invariance to require that all functions Cf‘z depend only on the separation

IThe 2-point function of scalar primary operators is usually normalized to 1, ¢i12 = 1.



between the two operators. We effectively read off?
O1(@)Os(y) = ), Cli(w = 4, 0y)On (y)-
A

At the level of representations, the OPE amounts to the decomposition of the tensor product
of conformal representations. Enforcing conformal invariance and expanding the coefficients
C8(z —y,0y) = C{ + ... into a series in J,, one finds that the only free parameters that
remain unfixed are the overall constant coefficients Cf3 for the primary states [33],

Oa(y)
e v SN

descendants

a@@@:an (2.8)
A X

We now return to the 3-point function of scalar primaries. Using (2.8) on Oa, and Oa,

Ay
(O, (21)O0n, (22)On,(23)) = Z |12|Ac:fA2_Ak<0Ak($2)OA3 (23)) + ...
A, 1T

Inserting (2.4), expanding the result to leading order in x12 and inspecting (2.5) we find
that A3 C’IAQS, where the proportionality factor depends on c¢q2 only. Thus knowing

{spectrum (A, spin J), OPE coefficients (A, c)} = CFT data

is enough to compute any n-point correlation function in a CFT, recursively reducing it to
lower-point and finally to 2-point functions using (2.8). The OPE is a convergent expan-
sion.? This is an important use feature of CFTs which allows to define a QFT without any
reference to a Lagrangian, and also the primary building block of the conformal bootstrap.

Conformal Bootstrap The OPE is associative, meaning that the reduction of a n-point
correlation function to a 2-point correlator may be done along different OPE channels but
must yield the same answer, allowing to constrain the CFT data. OPE associativity, or
crossing symmetry, is nothing but a reflection of the various ways of formally inserting a
projector Pa onto conformal multiplets to single out pairs of operators before taking the
tensor product of their representations. For the 4-point function of identical scalar primaries
of weight A, we write

(Oa(21)Oa(22)Oa(23)Oa(24)) = Y (Oa(21)Oa(22)ParOa(23)O(24))

A/
2.8 , /
(:) Z)\lQOA/)\34OA/ |:C’102A ($12,ay)C£lA (x34762)<0A/(y)0A/(Z)> y _0:|
Onr z2=
B CPW
’ . F
= Y Nz Aoy 5 G0 T o)
O 212" [34] |12]*7 |34

20PE statements are always implicitly assumed to hold within radially-ordered correlation functions.
3The OPE O, (21)O2(z2) will converge as long as z1 is closer to x2 than any other operator insertions.



where we used (2.8) to expand the correlator in terms of conformal partial waves (CPWs)
built out of conformal blocks far.* We carried out the CPW expansion along the channel
(12)(34), but could have considered (14)(23) or (13)(24) as well; all should match at the
end. The conformal bootstrap starts here at 4-point. In the next section, we explain how
these concepts can be extended to superconformal field theories (SCEFTS) containing defects.

3 Superconformal Bootstrap with Defects

3.1 Elements of Superconformal Field Theory

Supersymmetry (SUSY) allows one to circumvent the Coleman-Mandula theorem and en-
hance the Lorentzian conformal algebra so(d,2) by adding N anticommuting symmetry
generators ) and S to the algebra, called supercharges and superconformal generators re-
spectively and obeying

{Q.Q} ~ P, {S,S} ~K schematically, so Ag = % and Ag = —%- (3.1)

Both @ and S are fundamental Lorentz spinors which can also be rotated among each
other by an internal bosonic R-symmetry (typically u(N)g in 4d and so(N)g in 3d).
N > 1 is called extended SUSY. The superconformal algebra may thus be understood as
supermatrices of the form

conformal algebra ‘ supercharges
supercharges ‘ R-symmetry

with the bosonic subalgebra corresponding to the direct sum of the diagonal blocs above.
Since conformal algebra C superconformal algebra, the properties of conformal multiplets
(see Appendix A) are retained in SCFTs, though the newly added structure means that
all local operators in a SCFT are now also labelled by their R-symmetry (Rp) besides
their so(d) Lorentz weight Jo and scaling dimension Ap; we thus denote superconformal
multiplets (supermultiplets) by [J@]X?). In this work we are mostly interested in bosonic
subalgebras with A/ = 4 and for spacetime dimensions [41] (Lorentzian signature)

d=3: 50(3,2) ®su(2); ®su(2)_ Cosp(4]|4), representation: [ZZ]([SQ”’%*} (3.2a)

d=4: s0(4,2) ®su(4)r C psu(2,2]4), representation: [27; 23][2’”””], (3.2b)

\)

with 74 two su(2)1 spins, [ a s0(3) C s0(3,2) spin, (r1,7r2,73) € Z%O the su(4)r Dynkin
labels, (j,7) two s0(4) C so(4,2) spins and 6, A the weight in d = 3,4 respectively.

“These have the same transformation properties under the conformal group as (2.4) [33].

°In d = 4, the Lorentz algebra is s0(4) = 5[(2) @ sl(2). The Q’s and S’s thus split in pairs of chiral
and anti-chiral Weyl spinors Q2, Qs and SZ, Spa, with sl(2)-indices o, & = 1,2 and with u(N)z-indices
A,B=1,..,N. It is also customary to write u(N)r = su(N)r X u(l)g in 4d. For ' = 4, the u(1)r can
be quotiented out since the trace part of the R-symmetry commutes with all other generators. In d = 3,
there is only one set of supercharges @ and superconformal generators S, while s0(4)r 2 su(2)4 & su(2)_.
For more details on the precise form of the algebra we refer the reader to [36, 41, 42].



Superprimary Just as in the pure bosonic case, every irreducible superconformal mul-
tiplet admits an operator/state of lowest scaling dimension, which is a conformal primary
and annihilated by all S’s, called superconformal primary—or superprimary (SP) for short.
Descendant operators are obtained by acting on the latter with all the ()’s at most once,
generating a finite set of conformal primaries along the way and thereby providing a finite
reorganization of an infinite amount of data into supermultiplets (SMs). Enforcing unitarity
now leads to a richer hierarchy of long and short SMs, depicted in Figure 1. The decompo-

AW — -
_______________________________________ | d=4: [25; 2]'][51732,1%3]
d=3: [27+"]
> Ay, 04
unitary da=Il+ry+r_+1
| =Aa04 Ay =24 2) 4+ 2k
. non-unitary
=Ap,6p : Op=ry At
_Acbe | Ap = SRAERs

Figure 1. Unitarity structure (left) and unitary bounds (right) of supermultiplets (SMs) in N' = 4
and for d = 3,4. Long SMs have A,§ > A 4,4 and are always unitary; they do not have any null
states. Short SMs saturate one of the bounds labelled A, B,C and may contain null states that
should be removed from the Hilbert space. Here Ag,dp lead to 3-BPS and 1-BPS SMs, see [41].

sition of correlation functions of SPs in superconformal primary waves follows through as
in (2.9), except that the sum is now also taken over the different R-symmetry labels (R)
entering a given supermultiplet, and that the superconformal blocks (superblocks) § are
also acted upon by the internal R-symmetry as well. Schematically,

&~ Z # X fa(u,v) x b (U,V) (= superblock) (3.3)
——

- v
A (R) coefficients  conformal block, cf. (2.9) R-symmetry block
& couplings

for a 4-point correlation function, where we introduced R-symmetry invariant ratios

2.2 2.2
UFoU us U
U= ;2 34, and V = 7%4 33 (3.4)

built out of four internal R-symmetry coordinates u;.% Like (2.6), they arise naturally from
the constraints imposed by the the R-symmetry part of the superconformal symmetry group
on correlation functions. The existence of such invariants will be rigorously motivated from
superspace considerations in Section 3.3 where the extension of the formalism to include
the fermionic (supersymmetric) and R-symmetry degrees of freedom is made explicit. In

®The decomposition (3.3) is not always possible, see [43] and references therein for a discussion.



the remainder of this section, we discuss the effect of defect operators on SCFTs, eventually
narrowing our scope to a %—BPS boundary in N' = 4 Super Yang-Mills in d = 4.

3.2 Defect Superconformal Field Theories

So far, we defined (S)CFTs in terms of local operators and their correlation functions. There
exists, however, a much richer set of observables which are extended in space and time that
can also be consistently included in such theories, such as heavy impurities, boundaries or
interfaces. These are referred to collectively as (superconformal) defects and break part or
all of the superconformal symmetry in a controlled manner, see [40, 44-47] and references
therein for an overview of the theoretical frameworks and methodologies employed in the
study of conformal defects (and their supersymmetric analogues).

Boundary Defect We restrict here our focus to d = 4, N' = 4 SUSY with a boundary
(codimension-1), which means that the relevant superconformal algebras are (3.2a) on the
3d boundary and (3.2b) in the bulk. Since the defect breaks translation invariance in
the direction transverse to the boundary, so(5,1) — so0(4,1) and it is obvious from the
first equation of (3.1) that (at least) part of SUSY will also be killed. There are however
specific physical configurations where one may hope to preserve some fraction of the original
supercharges. In this work we consider a %—BPS boundary, where “%” means that exactly
half of the Qs we started with survive. Let (Z,2) € R3 x R>( be our coordinates, with the
boundary inserted by means of suitable boundary conditions at x; = 0 and & coordinates
on the defect. This is implemented on the projective null cone (2.1) by introducing the
constant vector VM = (0,0,0,0,0,1) and restricting ourselves to Lorentz transformations
in R"® that leave V invariant when constructing correlation functions. With only two
insertion points P; = (1, x?, Ti, ;1) € RY x R>qg (i = 1,2) these are Py - Py, V- P, V - Py,
so 2-point correlators of scalar bulk SPs (or descendants thereof) are no longer fully fixed
by conformal symmetry but written

(O1(P1,u1)O2(Pa,u2)) = Fayn,(Pry Pa) X Hpy ry (1, u2)

F Ay Ao )
~ s < O F e ¥, 0ol 03)

with § = F(£)H (o0, ) mimicking (3.3). Meanwhile, boundary 2-point functions behave like
in usual 3d SCF'Ts without defects. Above, we introduced the quantity

_ PPy Poingaré |21 — x|
20V - P)(V - Py) dxy @)

f = T, = (fi,l'i7L), 1= ]_,2 (36)
as the conformal /Lorentz invariant ratio and specified the internal R-symmetry coordinates
uy, ug of the operators as well. Since su(4)r = s0(6) in our case, the latter can be thought of
as complex null vectors u € C% (u? = 0), cf. (1.1). F is constrained by conformal symmetry
in a similar way as (2.4), while #H is constrained by R-symmetry and involves an arbitrary
function H(o,5) of the two independent R-symmetry invariants

up - U2 up - U2

d o= 3.7
Vo m M TS ey (37)

g



1.2 ,3

where we employ the notation u = (u', u*,u 5

, —ut, —u®, —ub). We argue for the existence of
£, 0,0 in Section 3.3. Finally, while we explained that the fusion of two bulk or two boundary
operators takes the form (3.5), when bulk excitations are brought close to boundary, they
become indistinguishable and may fuse too. We must therefore also allow for mixed bulk-

boundary correlators

(0(F,21)0(H) = Foo LOe0;0™, 0 e 07, (3.8)
(17— a2 +23) (@e)a-s

where the constant p 4 is called the bulk-boundary coupling. In particular,

(O@@)1) = (O(z)) = (%fff)A, for O € [0; 0] 27! (3.9)

with ap = ppj # 0 in general. This can be viewed as a consequence of the breaking of
translation symmetry along x; which no longer requires the 1-point functions to be constant
(and vanishing) like in (2.3). The OPE (2.8) of two bulk or boundary scalar operators is
unaffected. With (3.8) at hand, there is however now a new way to express bulk operators
in terms of boundary operators: this is the boundary OPE (BOE)

A‘,Z: T1,72,T 4,27
Zu@@ 2xLA) +oy 000007 O € o] (3.10)

whose interpretation at the level of representation theory is given by the branching of bulk
supermultiplets into boundary ones (hence according to psu(2,2[4) — osp(4[4) here).

3.3 Defect Superspace Setup

So far, we considered SUSY being realized on ordinary fields (i.e. functions of spacetime) by
transformations that mix bosons and fermions. This however, turns out to be “as cumber-
some and inconvenient as doing vector calculus component by component” [48]. Fortunately,
there exists an alternative, more efficient way to realize SUSY by packaging the same de-
grees of freedom in superfields living on superspace, an extension of ordinary spacetime
(with coordinates z) to include extra anticommuting Grassmann coordinates in the form of
N two-component Weyl spinors 6,6.” The whole point of introducing such an apparently
exotic space is that many properties of SUSY field theories now become manifest: one finds
for instance that the SUSY algebra is represented by translations and rotations involving
both = and 0, called supertranslations and superrotations.

Analytic Superspace The formal definition of superspace depends on the amount A of
supersymmetry considered. We refer the reader to [42]| for the construction of N' = 1 su-
perspace as a coset, while we focus on A/ > 1 in this work. We explained in Section 3.1 that
theories with extended SUSY also feature R-symmetry. This is reflected in the construction
of superspaces for N’ > 1, which now also include R-symmetry, or harmonic coordinates

TA generic superfield ¥ = ¥(z, #) may then be expanded in a finite Taylor series with respect to 6 since
6% = 0; the coefficients obtained in this way are precisely the aforementioned ordinary fields on spacetime.



parameterizing a coset space of the R-symmetry group. The spaces of such superfields are
known as harmonic superspaces and have been introduced in [49, 50|, see also the reviews
[24, 51, 52]. In this work, we further restrict our attention to analytic superspace, a sub-
space of harmonic superspace where the superfields depend on fewer Grassmann variables,
specifically those that are compatible with chirality or analyticity conditions. As such, this
formalism is well-suited for the study of correlation functions of %—BPS operators [53-57].
This point of view will also allow for the derivation of superconformal Ward identities by
imposing the absence of harmonic singularities later on, see Section 4.3 and [55, 58].

Adding a Boundary We now specify our analytic superspace to describe d =4, N' = 4
SCFTs in the presence of a flat %—BPS boundary as done in [1]. Coordinates on superspace

X_<”i. 9.) (3.11)
9@0& yaa

for a,a = 1,2 and &,a = 1,2 sl[(2) spinor indices. This block decomposition reflects the

are schematically of the form

superspace structure, with the bispinor %% describing d = 4 Euclidean space R%, the R-
symmetry coordinate y viewed as a copy ]R?/ thereof and where the off-diagonal blocks 6, 8
correspond to left- and right-handed fermionic superspace coordinates. We saw in (3.2b)
that the d = 4, N' = 4 superconformal algebra is psu(2,2|4), which corresponds to the
(complexified) group PSL(4|4). The action of a general conformal transformation g on X
will thus be [1]

goX =(AX +B)(CX + D)™ !, where g¢= (é f)) € PSL(4/4). (3.12)

As seen in (3.2a), the introduction of a boundary breaks the superconformal algebra to
osp(4]4), which exponentiates to the 3d A" = 4 superconformal group OSP(4]4). In Sec-
tion 3.2 we introduced the coordinates (7,z,) € R? x R>( to describe this situation. We
consider here two bulk operators in superspace with superspace coordinates X; and Xo,
which we now split in a similar fashion, setting X; = X1, + X q for ¢ = 1,2 with

af af afs af
Xip= | Vib T and X, q= [ “pdXi
T €7 Yib —Xi Yid

the boundary and distance superspace coordinates respectively, where xﬁ"g = xﬁa, ygb = yga

and up to a U(1) action parametrizing the embedding OSP(4[4) C PSL(4|4). In [1], the
authors also show explicitly how supertranslations and superrotations are realized. In
particular, it is argued that one may use (3.12) to choose a frame such that

(X1, X14) = (0, X14), (Xop, X24) = (0, X24). (3.13)

~10 -



The authors also state that a superconformal transformation may then allow to further set
the fermionic coordinates of both supermatrices to zero. In the frame (3.13) this is

0 =z 0 O
5 -z; 0 0 O .
Xi = X@d = 0 0 yll y12 , 1= 1, 2 (3.14)

0 -0 yi12 yi22

where we denote x; = x;4 and y; = y; 4 above for notational simplicity. Clearly, the
leftover degrees of freedom above match our expectations for the configuration space for
the spacetime and R-symmetry coordinates of an operator centered on the defect, with
one spacetime coordinate describing the distance to the boundary and three R-symmetry
variables combining into a 3-vector describing SO(3) rotations around a line in Rg [1].

Superconformal Invariants An account of the general constraints imposed by super-
conformal symmetry on 2-point correlation functions of SPs in superspace in the presence
of a defect is given in [1], where superspace analogues of (3.5), (3.8) and (3.9) are reported.
Just as conformal cross-ratios are the natural invariants of the conformal group, supercon-
formal cross-ratios arise as invariants under the superconformal group. This implies that the
functional dependence of correlation functions in superspace must reduce to combinations
of invariants formed from the superspace coordinates we just introduced.

Here, we focus on justifying the existence of the superconformal invariants (3.6) and
(3.7) entering the 2-point correlation function in the presence of a defect. To do so, we
use the results of [55, 58] where 4-point superconformal invariants of %—BPS primaries are
derived. We then translate these to the present problem by resorting to the prescription of
[59] to relate correlation functions of n operators inserted away from a boundary in a defect
CFT to correlation functions of 2n operators in an ordinary CFT: the method of images.
There are two ways to derive 4-point superconformal invariants according to [55, 58|

1. The first approach consists in fixing part of the superconformal symmetry, before
identifying the remaining independent combinations of coordinates. The 4-point con-
formal and R-symmetry invariants z1, zo and wq,ws are built in this way in [55] by
using conformal symmetry to pick the frame

B K
:L‘lf: (1—1-21—;22’21 2 Z27O’O>’ 1752(1,0,0,0), :L»g:xi:()’ (3.15&)

in R‘; and R-symmetry to set

yi: <1+w1;w2’UJ12w27070>’ y§:(1707070)7 yéz%zo’ (315b)

in Rg. We effectively get down from four sets of coordinates (mf ) y;) to one,

21+ 29 21— 2 , 4 w1 +we wy —w
:B“Ex’f2_<1+ 2, 1 27070>7 y’Eyig—< 1+ 27 1 270’0>.

2 2 2 2
(3.15¢)
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The invariants above are related to the w,v of (2.6) and U,V of (3.4) by

1 1
21:%(1—u—vivA>, 22:%<1—U—UZF\/A>, (3.16a)
where A = (1 — u — v)? — 4uw, and
w1wW9 1
U= N . 3.16b
Crenlrw) * = Q+w)dTw) (3160)

However, 21, 29 and w1, ws must be augmented with Grassmann coordinates to form
fully-fledged superconformal invariants, which may involve subtleties due to potential
singularities in the R-symmetry coordinates.

The authors of [55] carefully carry out this task by exploiting conformal and R-
symmetry to pick a frame like (3.14) and (3.15¢) in superspace such that 2®° =
diag(z1, 22), y® = diag(w1,ws) and where 3/4 of the SUSY transformations allow to
eliminate all the odd variables but 61,6, = 6,0, leaving only one matrix of the form
(3.11) to deal with, X. In this frame, the residual 1/4 SUSY symmetry acts on X as

911 012
0 921 922 =

E 22) + (e69), (3.17a)
5 (Z; ZZ) = (Ewl — A i 1AWz =21 i z) + (00), (3.17D)
)

0z; = e aéai + meﬂi, dw; = —& a@‘” + éiae,ﬁi, 1=1,2. (3.17C)
Using (3.17) one then finds that the quantities

o gLl 912721 A

=2 — A — + O((6)%) (3.18a)
p21p12 922722

S0 = 29 — — o((9)* 3.18b

R=En w2—22+ ((9)%) ( )
glipgil 921712 .

b= e — _ 1

e +0((0)%) (3.18¢)
91221 922722

Wy = wo — — +0((0)h (3.18d)
wo — 21 w9 — 29

satisfy 02; = d0w; = 0 for ¢ = 1,2. These are thus the (linearized) superconformal
completions of the bosonic ratios z1, z9, w1y, ws.

. The second approach for constructing 4-point superconformal invariants was pointed
out in [58], where the authors identified 21, z2, w1, wy as the eigenvalues of the 4-point
superspace convariant matrix

X = X12X3' Xaa X1

whose superconformal completions (3.18) are then obtained as perturbations around
21, 22, w1, wa; see Appendix A of [55] for a review.
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The two approaches above are strictly equivalent and we thus interchangeably use both
point of views in the following to derive the 2-point superconformal invariants in a SCFT
with defects. For this we use the method of images [59] to regard a 2-point correlator (O Os)
in the presence of a boundary as the 4-point correlator in an ancillary CFT obtained by
mirroring the operators along the defect, see Figure 2. This situation corresponds to setting

056
O, (23) Os, (1)
~ P L /o ’
O, (1)
o——~ =’ @
Oz (1)

ancillary CFT

boundary

Figure 2. The method of images for a boundary CFT (BCFT) with two bulk and one boundary
operators. The BCFT correlator on upper half-space x; > 0 (left) is equivalent to the corresponding
ancillary CFT correlator on the full space (right).

x3,1 = —x1,1 and x4, | = —x2 | in (2.6), which in turn yields z; = 20 = z in (3.16a). The
relevant set of invariants to consider for the 2-point function of primary operators in the
presence of a boundary are thus z, w,w9.® Note that these are equivalent to the quantities
&, 0,0 of (3.6) and (3.7) upon performing the change of variables [60]

(z—1)°

B 1 1 _ 1 w1 wWo
_ _ 1 P Y A E S
13 o toi=g <\/w1w2 + _wle) , 0-0=g5 ( - + wl) (3.19)

The bosonic invariants z,w;, we are also obtained in [1]| as the eigenvalues of the matrix

Z=1-YHY 1 -1), Vg =XX; " (3.20)

Again, these should be augmented with Grassmann variables to be fully-fledged supercon-
formal invariants. In the next section, we turn our attention to the consequences of adding
a defect operator to our theory for the bootstrap program.

3.4 Revisiting the Bootstrap

While (2.9) required at least 4-point correlators to motivate the ordinary bootstrap, we see
that there now already exists two different channels that can be used to bootstrap 2-point
correlation functions of bulk SPs in a SCFT with boundary: the bulk channel and the
boundary channel, both depicted in Figure 3. Spelling out the bulk channel schematically,

8We still have two R-symmetry invariants since the boundary corresponds to a line defect in R‘; [1].
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2713 27, [20; 27,0 (297, Jhmmemal (g, 9, 1]

® ®
[21 ][2a+,2a ] [2l2]([522b+72b7} |
- 22
(boundary channel) [21]&2’”%2“] [2[]&2”"2’”—] (bulk channel)

Figure 3. Diagrammatic representation of the defect bootstrap equation, with the boundary
channel (left) and bulk channel (right). Each dot represents a local bulk operator while the thick
grey line represents the boundary. The superconformal representations match the notation of (3.2).

this is
12715 271 K072 @ [24y; 2] 2l PGPE (Dy2g; 2] rel PRSP el (3.014)
(0102) > M20(0()) ~ > Arz0ao, (3.21b)
Xblk Xblk

=1[r1,m2,rs]

where the sum runs over all SPs (and descendant thereof) O € [25;2j] 5
of suitable SMs to be determined shortly. For the boundary channel,

in a set xpik

2713 2‘71}[ml mams) ® [272; 232][n1 23]
OE? 2a4 ,2a_ 2by ,2b_ bdy 2pt 2y 2
- (@[QZ ][ + ]> ® (@[2[ ][ +5 ]) y 2p @[2”([5 +2r—] (3.22a)

(0102) ~ Z Ml@lol ® Z H20, 02 Z MlélM2@2~7:6162H[a+,a,][b+7b7] (3.22b)

Xbdy Xbdy Xbdy

where the sum runs this time over all SPs (and descendants thereof) @ € [21; ][2a+ 22-] and

Oy € 21y ][2b+’2b Vin a set Xbdy of suitable SMs. Clearly, xpix will be the set of all psu(2,2|4)
SMs admitting states with a non-zero 1-point function such that the second arrow of (3.21)
holds. These are found to be [1]

€ {1, BIB0;057 0, BiBi[0: 05, LL0;0) 3™ (3.23)

for n,m,m € N*. Besides the identity 1, these are 3-BPS, 1-BPS and long psu(2,2[4)
SMs respectively [41]. Along the boundary channel, the representations are contrained to
descend from osp(4|4) SPs that can result from the branching of psu(2,2(4) — osp(4|4)
such that the first arrow of (3.22) holds. These are [1]

5 2k,0 0,2k 2k ,2k— 2k 2k _
voay € {1, B0, BUOP™ B0 Lo (3:24)

where k, k+ € Z~o and kyk_ # 0. A and § are constrained by the unitarity bounds. Besides
1, these correspond to two 2-BPS, one -BPS and a long osp(4]4) SM respectively [41].
The sets (3.23) and (3.24) were also derived in [1] with the tools introduced in Section 3.3.
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3.5 Superblock Decomposition

We are now ready to apply all these concepts to derive the superblock decomposition of the
2-point correlation function of two scalar %—BPS operators of the form (1.1) ind =4, N =4
SYM with a %-BPS boundary defect. Starting in the bulk, we use the 2-point function (3.5)
as well as (3.21) and (3.23) to write

blk,A , ,blk,[r1,r2,r
<WA1WA2> = ZaXblk Z (A [7”1,7‘2,7‘3})‘/—-.A1A27{A1A[21 ’ 3] (325)

Xblk (A,[r1,r2,73])

where we introduced the shorthand notation (A, [ry,r2,73]) = [0;0] Zl T2l gy representa-

tions belonging to each SM of (3.23), ¢ ) are coefficients to be determined and

A,[r1,r2,73]

blk,A _ 1 EESEES RN
fAIAQ (331, 1132) = (2.’B1 J_)Al (2%’2 J_)A2 X 5 2 fA (5)7 (326&)
A A A{+A
7‘[2111( [T17r2,r3](u1, u2) = (ug -ﬂl)TI(UQ . @2)72 X O 1J2r 2 ][Orli(ﬂ?mg](o-,5-)7 (3.26b)

with € as in (3.6), 0,5 as in (3.7), 2k, hbrli‘m v

tively for the representation O € (A, [r1,r2,73]), and the factors of £ and o taken out for

] conformal and R-symmetry blocks respec-

convenience. Moving on to the boundary channel, we use (3.22) and (3.24) to write

bdy, bdy,[r4+,r—
<WA1WA2> = Z KA1 xbay PA2xbay Z C(6,[r4r— ])"rAlyAgHAlyA[; } (3'27)

Xbdy (8,[r+,r=])

where we introduced the shorthand notation (9, [ry,r_]) = [0]([52”’2“] for representations
belonging to each SM of (3.24), ¢( [, »_]) are coefficients to be determined and

bd fbdy(ﬁ)

Y —

PR ) = o D (3:25)
T NS _ (A2

HH g ) = (ur - ) 7 (us - @2) 750V (0,5)05% (0, 5). (3.28D)

Above fgdy is the conformal block for O € (4, [ry,7_]), while the R-symmetry blocks split
into by since the boundary R-symmetry is su(2); @ su(2)_. They only depend on the
invariants £ and o, & respectively. Having set up the conceptual tools needed to bootstrap
our theory, we derive the ingredients entering the bootstrap equations next.

4 Derivation of the Bootstrap Equations

4.1 Solving for the Superblocks

Our task is now to specify all the building blocks of (3.25) and (3.27) before requiring that
both match. We start by deriving expressions for the superblocks of (3.26) and (3.28).
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4.1.1 Bulk Superblocks
The bulk conformal group is SO(5,1). A differential equation for 2k
acting with the SO(5, 1)-Casimir on (3.26a) in embedding space,

can be derived by

1
CgtsayF (P Pa) = 5 (LM + LONNY (1), 10y ) (11, o)

50(5,1)
1<PM O _py 0 _ipy O _py Y ) (4.1)

"2\t apy 0P m 0P, N 2 0Py
oOF OF oF OF
) (P2 PN Py Py
( 1,M8P1N 1,N8P1M + 2,M8P2N 2,N8P2M)

where we abbreviated ]_—Zli(,AAQ (P1, Py) = F(P1, P) for convenience. This computation is

sketched in Appendix B.1. We find the ordinary differential equation (ODE)

AL+ f(€) + 26 [2(1+&)(1 + Ay + Ag) — 4)] Of (€)
+ (A=A = Ag)(A+ Ay + Ay —4) —4A1A5¢] f(€) =0
for f(§) = 5_%@1‘(5), with solution

A+A]—ANy A—A1+ Ay
2 ’ 2

RE(E) = (46)3 0 ( A1 —a) , (42)

where o F) is the hypergeometric function. We proceed in a similar fashion to determine

hl[}li‘m ra]" The bulk R-symmetry is SO(6) so we act with its Casimir on (3.26b),
1
Ciotsy Plurug) = 5 (LOMN 4 LOMN) (L) 4 L) i, uz) (4.3)

for H(uy,uz) = qul(g?’r?’m](ul, ug). The computation is akin to that of Appendix B.1 and

performed in Appendix B.2. We find the ODE

2
[(Z wl(wl - 1)283%) + k(wla w2)aw1 + k(w27 wl)an] h%;}iTQ,TS] = C[Tl,’l’g,’/’g]h[brlir27r3]
i=1
(4.4)

where

wl(wl — 1) w1 — 1

k(wy,wa) = < - 2) (w1 — 1),

Clam,2n,2m) = 2 (n2 + 2n(m +1) + m(2m + 3))  for R = [2m, 2n,2m].

w1 — w2 wiwy — 1

Note that (4.4) admits a closed-form solution for R = [0,2n, 0] or [2m, 0, 2m] only [1].

4.1.2 Boundary Superblocks

Next, we move on to the boundary channel where the Euclidean conformal group is SO(4, 1).
Like in the bulk, a differential equation for fgdy is obtained by inserting the SO(4,1)-Casimir
where our OPE projector was, i.e. this time between the two operators,

<WA1 (Plu Ul)Cé];Q()ZLJ)WAQ (PZ, UZ))
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Acting with Cg;?() 41y 01 (3.28a) seen as a function of P, only, we compute

b FF) =1 (PAa - PBa> (PA OFD) _p W(P)) (4.5)

SO(4,1) 2" oPg 9Py apE P opA

where F(P) = f;’l(;};’R(Pl,P) above for brevity. This is carried out in great detail in
Appendix B.3. We find the ODE

3
1+ PN () + 51+ 20)057(€) = 6~ D3V (©) =0
with suitable solution given by the hypergeometric function
13(€) = (46) 2Ry (5,6 - 1,26 - 2 —¢71). (4.6)

Lastly, since the boundary R-symmetry is SO(4) = SO(3);+ & SO(3)— we may solve for
either of l‘),k«)iy (0F) by making the change of variables

(0,6)— (6T, 07)=(0+ 7,0 —5) (4.7)

and using the corresponding SO(3)4-Casimir on (3.28b) (seen as a function of us only). As
shown in Appendix B.4, this yields the ODE

(w%2+2w20)h“%ww—uk+1m“%w>
v — ) Tk - k

whose solution is

1 1
%”wozw*ﬂa(f—mg—mwﬁ.

4.2 Contributing Supermultiplets

Next, we need to figure out which representations (A, [r1, 72, 73]) and (J, [r4+,7_]) to include
in the sums of (3.25) and (3.27) respectively. We follow [41, 61] to generate the SMs of
(3.23) and (3.24), employing the Racah-Speiser algorithm® to decompose tensor products
of superconformal representations and restricting to scalars. In [1] the authors employ
instead the superconformal characters of Dolan [62, 63]. We find that while RS spits out
more contributing representations, there is no apparent tension between the two approaches
since all the excess coefficients that arise from RS are set to 0 by the superconformal Ward
identities of Section 4.3 (see Appendices C.3 and D).

4.2.1 Bulk Channel

Starting in the bulk channel, we generate the full set of superconformal representations of
a given SM of (3.23) by acting with the @’s and Q’s on its superprimary and imposing
the relevant shortening conditions at each level. Out of all the representations descending
from a given superprimary, we only need to retain diagonal representations for the OPE
of two chiral operators [61], which arise from the action of an equal number of @’s and

9We refer the reader to Appendix A.3 of [41] for a summary of the Racah-Speiser algorithm.
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Q5.1 Since (1.1) are scalar operators, we also further restrict to scalar representations
(j = j = 0). This procedure is outlined in Appendix C.1 and shows that (3.25) features
the representations

[0; 0] 73 ¢ {(2n,[0,2n,0)), (2n — 4,[0,2n +4,0))}  for xpi = B1B1[0; 0] (4.8)

[2m,2n,2m]

The cases xpi = B1B1[0; 0][227:12” 2m] o LLI0; 0] A are more involved; we refer the

reader to [1]. In the interest of completeness, we also describe in Appendix C.2 how to use
the Mathematica package LIEART [64] to construct the full By B1[0; 0][20’2’0] supermultiplet.
4.2.2 Boundary channel

Moving on to the boundary channel, we repeat the same steps as for the bulk channel, acting
this time with all the @’s on the superprimaries of all SMs in (3.24), enforcing the relevant
shortening conditions at each level and selecting only scalars (I = 0) at the end. This is
done in great detail in Appendix C.3 and shows that (3.27) features the representations

05 e {7 0222 02 for xuay = Bafolg™
057 e {0 0123 O for xway = B0l

and we refer the reader to Appendix C.3 for the cases xpay = B1 [O]Efj;;ff_} nd L[O]Ek“%_}.

4.3 Superconformal Ward Identities

We now have knowledge of all the ingredients needed to write out the full bulk and bound-
ary channel expansions (3.25) and (3.27); it only remains to fix the relative coefficients
C(AJr1,ra,r3)) @0d €5 [r, ) for the representations obtained in Section 4.2. This can be
achieved by solving either of the superconformal Ward identities (WT)

1 blk/bd
(&m + 23z> Sarns
both in the bulk and in the boundary. Above we isolated the full superconformal blocks

A1+A2
3’A1A2 Z, w1, wa) ZaXblk Z C(A7[r1,r2,r3])9 fblk( )hkile277“3}(w1’w2) (4.10a)
Xblk (A,[r1,72,73])

out of (3.25) in the bulk, with Q = ¢/&, (3.19) and

0 (4.9)

| 1 blk/bd
=0 and <8w2 + 283) SAI/AQ Yy

w1=2z wo=2z

bdy
SAlAQ(Z wi, wa) Z HA xpay KA2Xbay Z C@.lr4r-])

Xbdy ((5,[T+,T_])
X 3 ()62 (wy, wo)HEY (wy, wp)  (4.10b)

out of (3.27) in the boundary channel. Like (3.3), these do not depend on any of the
kinematic variables x1,z9 nor R-symmetry variables ui,us but rather only on the set of
conformal and R-symmetry invariants, which is here {z, w1, ws} as introduced in Section 3.3.

10The need for diagonal representations stems from the requirement that the corresponding operators be
uncharged under the U(1)y parametrizing the embedding of osp(4]|4), mentioned in Section 3.3 [1].
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Derivation The conditions in (4.9) are derived by demanding that (4.10) remain well-
behaved under superconformal symmetry. Specifically, their supersymmetrization should
not introduce any poles when w; or ws approaches z. We now outline this derivation,
following and adapting the approach of [55] for four-point Ward identities in d = 4, N' =4
theories. In Section 3.3, we argued that the conformal invariant for a two-point correlation
function in the presence of a boundary simplifies to z; = 2o = 2. Building on this, we
observe that the superconformal completions (3.18) become singular when either w; — z
or wo — z. Without loss of generality, we focus on the case w; # wy and take w; — z in
the following discussion. Supersymmetrizing the full superconformal blocks (4.10) amounts
to ensuring that they satisfy the linearized SUSY transformation

blk/bdy ,» ~ blk/bdy
3A1A2 (257'11)1,’11}2) - S:AI/AZ (Z,'lUl,'U)Q)
blk/bdy

+ (820, + Aw iy + Awsdi,) Faw® (z,wi,wp)  (4.11)

where Az = 2 — z, Aw; = W; — w;, and from (3.18) we read off

Az =

911@11 912@21
- - +0((0)Y), Aw =-— - +O((0)Y).

Wy — 2 W2 —Z Wy — 2 W —Z

Picking up the singular terms in (4.11) only, we have as w; — z

1g11 1g11 21712
blk/bdy 5 ~ blk /bdy 00 60 60 bik /by
8A1A2 (z,wl,wg) NSAIAQ - |:w1 _28z+ <U)1 . + Wl — 2 8w1 8A1A2 . (412)

The final simplification comes from noting that the defect introduces parity-symmetry P
of 6,0 by reflection along 2| = 0 in Figure 2. Since PO — 6%, P — 632 and P? = 1,
we have 911911 £ 912021 and (4.12) factorizes,!

11p11

%blk/bdy . blk/bdy

s N blk/bd
A1Ao (ZJ w17w2) ~ ',SAIAQ (z7w17w2) - (az + 28101) S:AI/AZ y(za w17w2)-

w)p — 2

To ensure that the superconformal block SZHI/Abjy(é, w1, Ws) is well-defined and free of any

harmonic singularities, we thus require

1 !

w1=z

This is the first of (4.9). The superconformal WI for wy — z is obtained similarly.

One may now ultimately use (4.9) to solve for the coefficients C(Afr1, y and ¢(5 [, 1) and

r2,r3]

thereby complete the bootstrap analysis. The steps are carried out explicitly in Appendix D
for the boundary channel, where we proceed perturbatively using Mathematica.

" Credit for this observation goes to Menglei Tian [65].
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5 Conclusion

In this work, we reviewed the bootstrap program for superconformal field theories (SCFTSs)
in the presence of defects, with a particular focus on %—BPS boundary defects in N’ = 4 SYM.
Utilizing superspace techniques, we fully leveraged superconformal symmetry to derive the
complete superblock expansion for two-point correlation functions. This framework not only
enhances our understanding of supersymmetric gauge theories but also provides a robust

foundation for exploring holographic dualities and advancing theoretical applications.

Outlook A compelling direction for future research is the extension of these techniques
to other SCFTs, particularly Aharony-Bergman-Jafferis-Maldacena (ABJM) theory [66].
As a three-dimensional SCFT with A/ = 6 supersymmetry, ABJM is dual to M-theory
on AdSy x S7/Zy, serving as a lower-dimensional counterpart to A" = 4 SYM. Defects in
ABJM, such as those involving a Nahm pole (codimension-1), have been explored from the
perspective of integrability [67—69], while recent advances have examined supersymmetric
boundary conditions [70] and the operator spectrum in 1-BPS domain walls [71]. These
studies lay the groundwork for extending defect bootstrap techniques to ABJM, enabling
the exploration of its defect CFT in a manner analogous to the work presented here.

A promising next step would thus be to derive the superblock expansion for the com-
plete set of two-point functions involving chiral primary operators in ABJM theory. This
would deepen our understanding of operator dynamics, structure constants, and the in-
tricate interplay between supersymmetry and holography in lower dimensions. Such an
extension would provide new insights into the rich structure of SCFTs and their dualities,

building on the methodology established for ' = 4 SYM in [1] and reviewed in these notes.
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A Elements of Conformal Field Theory

General quantum field theories (QFTs) admit the Poincaré group as the symmetry group
of relativistic field theory in flat space, whose general transformation is of the form

ot — AP ¥ 4 at

with A} describing Lorentz transformations and a* a spacetime translation. A special class
of QFTs are conformal field theories (CFTs), which enjoy additional spacetime symmetries
under conformal transformations. The latter are the angle-preserving transformations and
allow to place strong additional constraints on the theory. Given that

Guv (T)utv”
|9 (@) ubu || gy () 0H0" |

is the angle between two spacetime vectors u* and v* at a point z* in spacetime, conformal

04 = arccos

transformations must act on the metric g, as
9 () = Q)29 (z)  (Weyl transformation) (A1)

with  a position-dependent scale factor. For an infinitesimal transformation parametrized
by e and Q2(z) =~ 1+ w(x) we find the corresponding Killing vectors as

!
LNy = Ou€y + 0pey = w(T)nu, (A.2)
where we exploited Weyl invariance to rescale the metric to the flat Minkowski metric 7, .
After taking a trace to solve for w and performing some algebra, one arrives at the equation
1
oMoe, = g(2 — d)0,0,€°

with d the spacetime dimension. The case d = 2 appears as an obvious special case, which
is discussed in detail eg. in [6] but will not concern us here. Assuming d > 2 in what follows,
the most general solution to this equation writes
(x) = a' +wh a¥ + Mt F b — 22Mb-x.
Poincaré dilatations SCT
We see that they contain the Poincaré transformations,'? enhanced by infinitesimal dilata-

tions parametrized by A, as well as special conformal transformations (SCT) parametrized
by b*.13 The conformal generators are

P, (translations), M,,, (Lorentz transformations), D (dilatations), K, (SCTs)

and their algebra is found to be isomorphic to so(d, 2) in Lorentzian signature or so(d+1,1)
in Euclidean signature.!* In Lorentzian signature, we have schematically

(M, Mys|, [M,, Py ~ Poincaré algebra, [M,,, K,| ~ vector, [M,,,, D] ~ scalar, (A.3a)
[D, P =P, [D Ku=-K, (A.3D)
[Py, Ku] = 2(guwD — My,) (closure). (A.3¢)

12 After all, these are the isometries of flat space satisfying the conformal Killing equation (A.2) for w = 0.
13These can also be thought of as translations conjugated by an inversion of the form z* — x* /2.
MFor flat space of signature (m,n), m + n = d, the conformal group is isomorphic to so(m 4 1,1 + 1).
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We see that P and K act as raising and lowering operators for the dilatation operator
respectively. This will play an important role in what follows.

States in A CFT To think about the different states of a quantum theory, one needs
to choose a foliation of spacetime and define the evolution between different leaves [33]. In
Poincaré invariant theories, the foliation is usually done along surfaces of equal time, while
the exponentiation of the Hamiltonian P gives the unitary evolution operator

U= eiPOAt

and the states living on these surfaces can be characterized by their momenta P, |k) = k,|k).
There is however another convenient choice that one can perform in a CFT, where we want
to describe states created by insertions of local operators: we foliate the spacetime along
spheres of various radii and the evolution operator now involves the dilatation operator

U= eiDAt

This is called radial quantization, and will always be assumed in the following. In this
scheme, operators in correlation functions are ordered so that those inserted at larger radial
distance are moved to the left. This change of foliation is akin to a Wick rotation from a
Lorentzian signature to an Euclidean theory, where time is now identified with the radial
coordinate, the states living on the spheres are classified according to their so(1,1) scaling
dimension A € R and so(d) spin J € Z>(/2. The conformal generators now satisfy

D'=D, Pl=K, K|=P, M, =M,

Physical representations should have an energy spectrum bounded from below. From (A.3b)
we see that there must therefore exist a highest-weight state |A, J) such that

DIA,J) = A|AJ), My A, J) =S,|A, ), KuA,J) =0, (A.4)

with the matrices ¥,,, corresponding to the generators of the spin J representation of so(d).
This state is called a conformal primary (CP), while states P,,...P,,|A,J) obtained by
successive application of the momentum operator are called conformal descendants (CDs).
The set of all CDs descending from a CP (including the CP itself) forms a conformal
multiplet. Lastly, unitarity bounds on A of the form A > Apin(J) within a given multiplet
can be derived by requiring that the norm® of the states be non-negative across the entire
multiplet. Long multiplets have A > A, such that all states have positive norm, while
for A = Apnin there might null states whose norm vanishes. These must be removed from
the Hilbert space, giving rise to so-called short multiplets.

Operators in a CFT Now, note that fields of a QFT may be dimensionful, while requir-
ing invariance under e.g. constant rescalings x — Ax would force all dimensionful quantities

5 There is a natural inner product on the Hilbert space of states in radial quantization, which is inherited
from the 2-point functions of local operators through the state-operator map, see next paragraph.
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to vanish. It is thus natural to expect local operators Oa(x) built out of fields and their
derivatives to also transform under conformal transformations like

Oa(z) — Q(x)‘A(R(a:) -Oa)(x) (A.5)

with Q as in (A.1), A the scaling dimension!® of the operator and R the rotational part of
the conformal transformation, i.e. a spin J rotation matrix. Infinitesimally, (A.5) means

[Py, Oa(z)] =90 OA(»”U),

[Mum@A(x)] = (2,0y — 2,0y + ) Oa(2),
[D,Oa(z)] Z(w"6 + A)Oa(z),

(K, Oa(@)] = (22,(z - 9) — 220, + 2A2,)Oa (2).

Then defining |Oa) = Oa(0)]|0) we find that this state satisfies (A.4). In light of radial
quantization, this hints that states on the sphere are generated by operator insertions inside
of the sphere. The vacuum state |0) corresponds to doing nothing, and thus to inserting
the identity operator 1, while primary states stem from operators inserted at the origin.
We thus identify local operators Oa(z) in a CFT with primary states |Oa), called primary
operators of weight A. Descendant operators are obtained by taking derivatives on Oa
in analogy to acting with the momentum operator P, on |Oa); this is the state-operator
map. The operator-state correspondence says that all states in the theory can be created
by operators which act locally in a small neighborhood of the origin. That is to say that
the entire Hilbert space of a CFT can be thought of as living at a single point.'” All local
operators of a unitary theory must reside in unitary representations, or multiplets of the
conformal algebra. In this work we mostly focus on scalar operators (J = 0).

B Differential Equations for Superblocks

B.1 Bulk Conformal Block
We start from (4.1),

1
Oty F (P o) = 5 (LMY 4 L@MN) (100 + L0) F(Py, Py)
IR YASYEN:. N O v 0 N O
T2 <P1 OPiy ' OPiu 5 0Py N —h 0Py a1
OF OF oF OF
Piy=o —PiNe— + Popi = — Pon =t
( 1M8P1N 1,N8P1M+ 2,M3P2N 2,N8P2M>

16This coincides with their mass dimension classically but may receives corrections at the quantum level.

7The analogous thing for an ordinary QFT would be to associate a Heisenberg picture operator ® with
the state lim;—,o ®(¢)|0). The biggest problem here is that now one cannot think of these as local operators
acting at a single point and spanning the full Hilbert space of the theory, and past infinity cannot be
contracted into a single point. If one always has a map from operators to states just by acting the operators
on the vacuum as above, only for CFTs does the map go the other way that, with every state corresponding
uniquely to a single local operator.
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where we abbreviated fglf’AAQ(Pl, Py) = F(P1, P,) as in (3.26a) for notational convenience.

Expanding,

(1,2) Lm0 OF OF OF OF
—_|pM_= — P, P _P
Csoen” = 3 [ L 0P N < WMEPpN T N Gpar T Mg pN — PN P

0 OF oOF oF oF
N
P ——— | Plv— P N—+Poy— — PoNn— 1+ 2).
L 9Py ( LMEPN T Nl T M apR T PN G par )] T1e2)
Distributing, using the Leibniz rule while keeping in mind that P;- P; = 0 and Opwm PZ-M =6

for i = 1,2, we arrive at

2 2
(12) _p.py OF  pupn O
050(5,d)“7:(P1’P2)_(P1 P2)8P1~8P2 LY G pN R

OF  _yon OF

5P —PMPN__ " | (142
vap TV gpNgp T2
and finally the quadratic Casimir of SO(5,1) in embedding space acts on F (P, P) as
2 2
(1,2) P P) = 2(P - P 87.7:_2PMPN87}"
CSO(5,1)f( 1, 2) ( 1 Q)apl 8P2 1 2 aplj\[aPQ]w
OF uanN  OAF OF voN  OAF
5P Sl _pMpN_%~ _ _5p,. &Y pMpN_ <
Yop, Tl Tl gpNopM T ap, T2 T2 gpNopM
In embedding space, (3.26a) writes
blk
F(PL,Py)=¢ 7" A ()

(2V . Pl)Al (2V . PQ)AQ
with £ and V' defined around (3.6). We also know that the eigenvalue of of the SO(5,1)-

Casimir in a scalar conformal multiplet with label A is C s0(5,1) = —A(A—4). Our equation
will then be Cél(f()s’l)]:(Pl, P) = 050(571)]-"(P1, P,). With the help of Mathematica we find

A1+ F(&) + 2621+ &)(1 + Ay + Ag) — 4)] 0f ()
(A= Ap = M) (A+ Ay + Ay —4) —4A1 28] f(£) =0

for f(&) = & S f2k(¢). This ODE admits two solutions in terms of hypergeometric

functions

i [A—AFA —Ay 4—A—A +A

fZ”‘(é)=£42A2F1< o = 2,3—A;—5>, (B.1)
A A+A—Ny A=A+ A

Mk(e) = €2, 7 ( o h Ao A& Ny, —5) | (B.2)

To pick the right solution, we look at their asymptotics as the two bulk operators are
brought together. From (3.6) we see that lim,, 5, & = 0 while o7 — 1 in this limit. Recall
that we expect the OPE (2.8) to scale as

Wa, (%1)WA2 (.21?2) ~ Z

~ |z — 22

Ona(z2)
A1+Ax—A \/

descendants

as r; — xg, so the function f with the correct asymptotics is that of (B.2). This is precisely
(4.2), where we have inserted the constant factor 42/2 to match the normalisation of [1].
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B.2 Bulk R-symmetry Block
We start from (4.3),

1
A o) = (19929 (1 £,

for H(uy,ug) = qufg;l’m’rﬂ (u1,us2) as in (3.26b) and M, N =1, ...,6. Expanding,

2 4, 1[4 0 oH oA oM oA
CsomM =5 [“1 Ous N (“ Mol N gl UM g N T N G
ufY 0 u oH —u 873.-[—|-u a—H—u o + (14 2)
Y oura \ PMou T aul T M g T TN gy '

Distributing, using the Leibniz rule while keeping in mind that u; - u; = 0 and 0, m uf\/[ =6

for i = 1,2, we arrive at

0*H 921
qul(’f(é)ﬂ(ul,ug) = 2(uy - ug) ——— — 2Ny —

oH v N O*H OoH v N O*H
i oul¥ gu!t b2 Oug 2t ou oud!”

Meanwhile, the eigenvalue of the quadratic SO(6)-Casimir operator acting on H in the
R-symmetry representation with Dynkin labels [2m, 2n,2m] is [1, 72]

O[Qm,2n,2m] =2[n? + 2n(m + 1) + m(2m + 3)].

Ultimately we thus want to solve

0(1,2) ,Hblk,[Qm,Zn,Zm] blk,[2m,2n,2m]

SO(6) Tt A1,A (u1,u2) = C[2m 2n 2m]HA1 (u1,ug)

Carrying through the Leibniz rule on the LHS, one gets a differential equation for hPIX (0,0).

[r1,r2,73]
Equivalently, swapping the R-symmetry invariants (o, &) for those of Section 3.3 this writes

[(Z wl i—1 202 ) + k(wlv w2)6w1 + k(w%wl)&i&] b?ﬁrz,m] (wla w2)

A blk
- C[r17r27r3]h[7”1 ,7”2,7”3} (w17 w2)
where

wl(wl — 1) w1 — 1

k(wy, ws) = ( - 2) (wy — 1).

w1 — Wy wiLwy — 1

Unlike the bulk conformal blocks, this does not admit a closed-form solution in general,
though specific cases such as [0, 2n,0] or [2m, 0, 2m]| allow for such a solution [1].
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B.3 Boundary Conformal Block
We start from (4.5),

(Py) 4 0 g O OF (Ps) OF (Ps)
Csount(F2) = <P2 0P 2 op, )(P“ orp P o

where F(P,) = .7-";%}2’ R(Py, Py) as in (3.28a), seen as a function of Py only. This is time the
Casimir operator has eigenvalue 050(4,1) = —0(0 — 2) when acting on a scalar conformal
multiplet of weight §. The differential equation in embedding space writes

CL(GPO2()4,1)]:(P2) = —0(0 = 2)Fa, 0, (P2). (B.3)

With the help of Mathematica we find the LHS

(P2) _ 1
030(4,1)}—(132) T 92+A14+ A (P1d)2+A1(P2d)2+A2

(1 +202(PPPD? — (PLP?) 971 (€)]

[—6(13{1132) (1+26)9127 (€)

where we denote P =V - P;. Cancelling (P{P§)? and rewriting

(1426)% =1 =42 446 =466+ 1)

this is
s —6(1 + 26)015 (€) — 4€(€ + 1)2*37 (€)
C*(S};()471)I(P2) - 22+A1+As (Pld)Al (P2d)A2
1 3
= QA (A (P (—2<1 + 26077 (€) — (¢ + )asz%))

Meanwhile, the RHS is

7Y (€)

00 = 2)F(P2) = ~00 = 2R oy aa ()

Equation (B.3) thus writes

E(E+D"(©) + 5 (14207 (€) — 56 - 2)7(§) =0. (B.4)

The Casimir is acting on P, so we are implicitly using the BOE for Wh, (z2,u2) here,
assuming x| < 1. From (3.6) we see that small z3 | means large £. It is thus convenient
to define y = 1/¢ and introduce g(x) = f(1/x) to carry out our expansion. The ODE (B.4)
becomes

X214 (x) — X400 +3) + 32+ ] () — 506~ 2)g(x) =0

in terms of these new variables, which is solved by

gx) = x>0 F (2-6,3—6,4—25;,—Y), (B.5)
9(x) = X°2F1 (8,6 — 1,26 — 4; ) . (B.6)
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As for the bulk case, we now look at the expected scaling when x5 | — 0 to pick up the
correct solution, only this time using the BOE (3.10),

2r4,2r_
W, (22, 2,1 ) Z“OO 2I2L)A 5+, OE€ [0]([5 +2r-],

The correct solution is thus (B.6). Translating it back to fbdy(f), this is precisely (4.6),
where we have inserted the constant factor 47 to match the normalisation of [1].

B.4 Boundary R-symmetry Block

The boundary R-symmetry is SO(4) = SO(3)+ @& SO(3)_. In this section, we first argue
that we may thus solve for either of hp% (6%) by making the change of variables (4.7) and
using the corresponding SO(3)+-Casimir on H(uz) = Hz(il}g;+’r_](u1, ug) as in (3.28b), but
now viewed as a function of us only. As a matter of fact, let us redefine

to reflect the breaking of R-symmetry into SO(3)y. Clearly, v parametrizes SO(3); and
w SO(3)—. We deduce

C=u-u=|72+ @20 = |92 =—|@)?
wi - @ = |Gi[* = | @if* = 26G[* = —2}i]”
and the R-symmetry invariants (3.7) may be rewritten as
o= Uy - U2 _U_i'v_é+1171'1172_v_i~v_é+1171'1172
VUL - U1/ U2 - U 2|v_i]|v_ﬁ] 2"1171‘|U72| ’
_ Uy - Uz V] 03 — Wi W2 V] U3 — Wi - W2
o = = =

VUL UL/ UD - U2 2|271]|272] 2‘U71||1172|
We can now substitute o, for & to get

wy - W

o
I

Y

=1

y O =0—0=————-.
| |0 ||

ot

o+o=

With these redefinitions, f)bdy( +), we find that the R-symmetry block for SO(3)+ has to
be a function of o& only, hri (0,0) = hfiy(ai). When acting with, say, the Casimir of

ol

|0

=1

SO(3)+ on H(uz) we actually only care about the v3-dependence, so effectively in this case
H(vs) ~ |65]227 (o)

with all the remaining terms factorizing (and eventually dropping out of the differential
equation). The Casimir operator of SO(3); is

(v) 1 o
Cso@), = §L”Lz], i,j=1,..,3
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with LV = v % — 072 Explicitly

0 _1 i 0 9N (01 O
Csow. M= 2 <v dv; Vv ) \"ovi T oy

1~8<8’H 87—[) 1»8<8H 8H>

¢ J

=555 \Yaw V5w ) 3% ou \Yaw  Yaw
—( 15]8—%4— 327-1'_3111487-['_@%‘827-[-)
L ovd 811]011] ov' OOt
OH - 0*H L OH . O*H
(3 g T P L e A aviavi>
OH . O*H . O*H
=—2v +v'y;

ovt (%j@vj —vY Ov;0v’

and its eigenvalue in the SO(3) 1 representation [k4] is ki (ks + 1) [1, 72|. For convenience
we use the original SO(6) symmetry to pick a frame where

u = (1,0,0,0,0,i) = @ =(1,0,0,0,0,—4).

Then + 7

V1 = = 2 = == (170707 0) 0) O) = /U_i = (1’070) € SO(B)J’_
and

w1 = “ 2 4 == (07 07 07 0; 0; Z) = U71 = (0’ 07 1’) € 50(3)7

In particular,

Ul
mE e )= ) (08 + ) (1))

& (@)1= (")) =" ((13)*+@3)°) & wvn=ot

1— (O-+)2
and our frame is
- o bW+ (03)? 5
(%] (1 0 0) and Vo= |0 w,v27’02 (B?)
In this frame,
(13 + 2\ *
|z [D2pbdy 4+ _( (w3)” + (3 > bdy, +
o) ~ 0 o) = (B o)

while

Ay
(va) (034 (v3)*\ 2 bd 2 bd
050(3)+H’(B,7) B (1_(0—&-)2 ( 2U+aa+h (o) - 195+, y) .

Combining the two sides and inserting the eigenvalue of the Casimir in the representation

r+ = [k], we end up with the differential equation

k(k 4+ Db + 207 0,45, + ((07)? = D2, ;Y =
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whose solution is found to be a sum of Legendre polynomials. In the variables (wy,ws) of
Section 3.3, this is

(w2a2 Ly ) BV (1) = k(k + 1)5°% (w)
Wy — 1Y) Tk o k

whose solution is

1 1
et (w) = w o Py (2, ki 5 — ks w2> .

C Finding the Contributing Representations

C.1 Bulk Channel Representations
In this Section we look at the supermultiplets descending from the superprimaries of (3.23).

e Let us start with ypi = B1B1[0; O][Q(ifn’o]. We generate the full %—BPS supermultiplet

by acting with all the Q’s and Q’s on the SP [0; O][Z(:fn’o} and imposing the shortening
conditions, keeping in mind that both @ and @ are Grassmann variables. We also
argued in Section 4.2.1 that only diagonal representations should be retained. These
can be found in Table 1 of Dolan and Osborn [61] and are

[0,2n,0]

level 0:  [0;0]5,” ", (superprimary)
level 1: [1; 1][21711711_2’1],
tevel 2 {[2:20%527, [o;0575 (C.1)

level 3: [1; 1][2175:?4,1]7

level 4:  [0;0] [2(15:20} .

Further restricting our attention to scalar representations with 7,5 = 0, we get pre-
cisely (4.8). The 3-BPS bulk superblock of (3.25) will thus include the coefficients

C(2n,[0,2n,0]))s  C(2n+2,[2n,2n—4,2])>  C(2n+4,[0,2n—4,0])-

Finally, we are free to rescale all coeflicients w.1.0.g. by ¢(2p,[0,2n,0)), l€aving only two
coefficients to effectively solve for later on using the Ward identities, see Section 4.3.

[2m,2n,2m)]
4m

e Moving on to xpix = B1 5 [0; 05,4 , the %—BPS supermultiplet is generated in

the exact same way, only with different shortening conditions entering the procedure.
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The scalar diagonal representations are listed in Table 2 of [61] and read

[2m,2n,2m)

level 0:  [0;0]4,,472, ', (superprimary)

Am—+2n+2

level 2: < 2[0; 027221 9[0; 0]
4m+2n+2 >
([0;0 5,22 200: 0]
level 4: < [0; 0] 22 k22m=21 o[ o]
0;005 55, 0

evel 6 0072257

\

The 1-BPS bulk superblock of (3.25) will thus include a coefficients for each of the

4

representations above, up to rescaling e.g. C(4mi2n,[2m,2n,2m) = 1. One must then

2m—2,2n,2m—2 2m—2,2n+2,2m—2 2m—
0;0]! 1 10: 0oy, [0 01

2,2n+4,2m—2]

Am~+2n+2 ’

[2m—1,2n+42,2m—1] 0:0 [2m,2n—2,2m)
Am+2n+2 7[ ) ]4m+2n+2 )
,2n—4,2m+-2]

dm—+2n+-2

30: 0] [2m,2n,2m) 2(0: 0]4[12721:217;2;1272,2m+1]7 [0: 0] [2m+2

[2m—3,2n+2,2m—3]

[2m—2,2n,2m—2]

dm+2n+4 > 3105 Oy 2n 44
[2m—1,2n—2,2m—1] 210: 0 [2m—1,2n,2m—1]
4dm+-2n+4 ’ [ ) ]4m+2n+4

L 2m2n—22m] 4. ~1(2m,2n,2m)]

’ 0]4m—|—2n+4 ) [Oa 0]4m+2n+4

solve for the remaining coefficients using the Ward identities, see Section 4.3.

)

)

i

e Finally, the long supermultiplet for xpy = LL[0; O]gzm,zn,zm] is obtained in an similar

fashion, though the procedure is more tedious. They can be found in [1], where a

limiting relation between %—BPS and long blocks is also exhibited.

C.2 Working out the B;B;[0; 0][20’2’0} supermultiplet with LIEART

In this section, we show how to use LIEART [64] to generate the full %—BPS supermultiplet

(C.1) withn = 1, B1B1[0; 0], We start by definining the superprimary [0; 0]5"“"", which

[0,2,0]

we call PrimaryRep.

In[12]:=

In[13]:=

Next, we define the supercharge @ € [1;0

In[20]:=

xAuxiliary functions

[0,2,0]

PrintState[Rep ] := Print["[", DynkinLabel[Rep[1]], ";", DynkinLabel[Rep[2]], "]"", DynkinLabel[Rep[3]]]

ClearAll;
p=2; A=p;NSUSY =4;

Construct the primary state as an irrep of SU(2),

0®SU (2) 4

LorentzPrimary = ProductIrrep [Irrep[SU2] [1], Irrep[SU2][1]];
RPrimary = Irrep[A] [@, p, ©]; (+R-symmetry Dynkin labels«
PrimaryRep = ProductIrrep[LorentzPrimary, RPrimary];
Print["Level o: A=", A]

PrintState[PrimaryRep]

Level 0: A =2

[(0);(0)1"(020)

][1,0,0]

1
2

oSU (4) (0,p,0)» [050] 3779

xLorentz SU(2)spin labelsx

and similarly Q € [0;1

|(«Now the supercharges Q,0, cf. Dolan http://arxiv.org/abs/hep-th/0209056 p.21x
Q = ProductIrrep[Irrep[SU2][2], Irrep[SU2][1], Irrep[A][1, O, 0]];

Qbar = ProductIrrep[Irrep[SU2][1], Irrep[SU2][2], Irrep[A][O
PrintState[Q];

PrintState[Qbar];

[(1);(0)1"(100)

[(0):(D1"001)

Then acting at level 1 with Q and Q one gets

50,1113

— 30 —
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In[28]:= Q+ PrimaryRep
Q«PrimaryRep // InputForm

1
Print["Level 1: A=",A+ —]
2

out[28]= (2, 1, 20) + (2, 1, 60)

5
Level 1: A =—
2
Out[29]//InputForm=

IrrepPlus[ProductIrrep[Irrep[A][1], Irrep[A][@], Irrep[A][0, 1, 1]],
ProductIrrep[Irrep[A] (1], Irrep[A][©], Irrep[A][1, 2, ©]]]

In[31]:= Qbar % PrimaryRep
Qbar xPrimaryRep // InputForm

1
Print["Level 1: A=",A+ —]
2
out[31]= (1, 2, 20) + (1, 2, 60
5
Level 1: A =—
2
Out[32]//InputForm=

IrrepPlus[ProductIrrep[Irrep[A][@], Irrep[A][1], Irrep[A][1, 1, O]],
ProductIrrep[Irrep[A][@], Irrep[A][1], Irrep[A][@, 2, 1]]]

From this we learn

Q: [1;0][%1,0,0] ® [0;0]%0’2’0] _ [1;0][30,1,1} @ [1;0}[%1,2,0]’
Q: [0 1][%0’0’” ® [0; 015> = [o; 1][%1’1’0} & [0; 1}%*2’”.

The superconformal representations in red above are precisely the null states that should
be removed from the shortening condition By B; on the superprimary [41]. The procedure
continues at level 2 and higher until we have acted with all of the Q’s and @Q’s on [0; 0][20’2’0}.

C.3 Boundary Channel Representations
In this Section we look at the boundary SMs of (3.24).

Efk’o], we generate the full supermultiplet by acting with

e Starting with xpday = B1[0]
the @’s on the corresponding SP and imposing the relevant shortening conditions.
The result is displayed in Section 4.4 of [41]. We further restrict our attention to

scalar multiplets and apply the Racah-Speiser algorithm to find

level 0: [O]IE;%’O} (superprimary)
level 1: [0]F, >
[2k—4,0]

level 2: [0];7),
The first 3-BPS superblock of (3.27) will thus feature the coefficients

Ck,[k,0])s  Clk+1,[k=1,1])s  C(k+2,[k—2,0])-

Rescaling ¢y r,0) = 1, there are then only two remaining coefficients to solve for using
the superconformal Ward identities, see Section 4.3.
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e The exact same steps can be applied to generate the second %—BPS supermultiplet of
(3.23), when Xpay = B1[0]1"?". We find

[0,2K]

level 0:  [0],, (superprimary)
level 1: [0]%F 7
level 2: 0] "

The second %—BPS superblock of (3.27) will thus feature the coefficients

C(k,[0,k])s  Clk+1,[1,k—1])s  C(k+2,[0,k—2])-

Rescaling ¢y o,k)) = 1, there are then only two remaining coefficients to solve for using
the superconformal Ward identities, see Section 4.3.

e Next, we move on to the %-BPS supermultiplet xpqy = Bi [O]ffif_k’]

at Section 4.4 of [41] we find the following scalar representations

. Looking again

level 0: [O]Efj_fff], (superprimary)
lovel 1: [O]E[fifri,?k_—2}@[2k+,2k_—2]}@T{...}69[2k+,2k_}ea[2k+—2,2k_—2]7 o)
~ 2
lovel 2: [O]EEizfi_{A:}@[zk%%_72]}69T{...}®[2k+,2k_}ea[2k+72,2k_72]7
2k} —2,2k_ —2
level 3: [O]Lj_,L+3 3
Applying RS, representations at level 1 are all the [O]f:iffjr]l ones with the pairs

[2r4,2r_] belonging to

([2ky + 2,2k — 2] @ [2ky, 2k — 2]} © T{..} ® 2k, 2k_] @ [2k; — 2,2k — 2]
= [2ky + 2,2k — 2] @ [2ky, 2k_ — 2] @ [2k; — 2,2k + 2] @ [2ky — 2, 2k_]
@ [2ky,2k_] @ 2k — 2,2k — 2], (C.3a)

[27’+,27‘_]

while at level 2 these are all the [0]" 13"

to

ones with the pairs [2r4,2r_] belonging

{[2ky,2k_ — 4] @ [2k,, 2k_ — 2]} ® T{..} & [2k,, 2k_] @ [2ky — 2,2k_ — 2]
= (2 2k — 4] @ [2ky,2k_ — 2] @ [2k,. — 4.2k | ® [2ky — 2,2k_]
& 2k, 2k | @ [2ky — 2,2k_ —2]. (C.3b)

The %—BPS superblock of (3.27) will thus feature a coefficient c(s )y for all the
representations listed in (C.2), up to rescaling the superprimary coefficient

T4,T—
Clhgth, [y k]) = 1.

All the remaining coefficients can be solved for using the superconformal Ward iden-
tities, see Section 4.3. An important remark is in order: above, we highlighted in
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green the representations arising from the Racah-Speiser algorithm which that match

those in [1], where the authors derive the contributing representations using the su-

perconformal characters of Dolan [63]. There is no contradiction however, as one finds

solving the superconformal Ward identities (see Section 4.3) that the coefficients for

the black representations must all vanish.

[2k4,2k_]

e Finally, we look at the supermultiplet xpay = L[0]; . We generate the the full
supermultiplet by acting with the supercharges Q)’s on the SP [0]([5%*’%*}. The result
can be found in Section 4.4 of [41]. We find

level 0: [O]([;%*’Zk_], (superprimary)

lovel 1: [O]gﬁcfiz%_i2]®4[2k+,2k_]®{2[2k+i2,2k_]}@T{...}7

lovel 2: [0]§[+212c+:t4,2k,}@4[2k+:t2,2k,]}EBT{...}@2[2k+:I:2,2k,:t2]698[2k+,2k,]’ (C.4)
lovel 3: [0]([52+k§:|:2,2k,:|:2]€B4[2k+,2k,]®{2[2k+ﬂ:2,2k,}}@T{..4}’

level 4: [O]E&Z’Qk*].

[2T+>

Applying RS at level 1, we have the representations [0], | 2] for the pair [2r4,2r_]

being an element of

2k, + 2,2k +2] @42k, 2k | @ {2[2k; 2,2k Y T{...}
= [2ky +2,2k_ 4+ 2] ® 2k — 2,2k — 2] @ [2ky + 2,2k — 2] @ [2k; — 2,2k + 2]

G412k, , 2k @ 2[2ky +2,2k_] & 22k, —2,2k_]
@ 2[2ky, 2k + 2] ® 22k, 2k_ — 2.

[27‘-‘”27‘—}

At level 2, these are [0]5, 5 with [2r4,2r_] one of

{[2ky £4,2k_ ) G 42k, £2,2k |} @ T{..} & 2[2k, £2,2k_ + 2] & 8[2k,,2k_]
= [2ky +4,2k | @42k + 2,2k ] & [2k, 2k + 4] B 4[2k,, 2k + 2]

& 22k +2,2k_ + 2] & 82k, 2k_]

= [2ky +4,2k_| @ [2ky — 4,2k_] @ 42k, + 2,2k_] @ 4[2k4 — 2,2k_]

@ [2k4, 2k_ + 4] ® [2k4, 2k — 4]
© A2k, 2k + 2] @ 42k, 2k — 2]
® 22ky + 2,2k + 2] @ 2[2ky — 2,2k — 2]
© 202k, + 2,2k — 2] @ 2[2ky — 2,2k + 2] @ 8[2k.. 2],

[2T+72T—]

while at level 3 one gets [0]; 3 with [2ry,2r_] one of

[2ky 2,2k + 2] @42k, 2k ] @ {2[2ky £ 2,2k |} ©T{...}
= [2ky 2,2k + 2] @ 42k, 2k_] @ 2[2ky + 2,2k ] @ 2[2ky, 2k + 2]
= [2k; + 2,2k + 2| @ [2ky — 2,2k — 2] ® [2k, + 2,2k — 2] @ 2k, — 2,2k + 2]

@42k, , 2k @ 2[2k; + 2,2k ] & 22k, —2,2k_]
@ 202ky, 2k + 2] ® 2[2k, 2k_ —2]. (C.5a)
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The long superblock of (3.27) will thus feature a coefficient ¢ y for all the represen-

5[ r—
tations listed in (C.4), up to rescaling the superprimary coefﬁci[e;t c](57[k k] = 1. All the
remaining coefficients can be solved for using the superconformal Ward identities, see Sec-
tion 4.3. We highlighted again in green the representations arising from the Racah-Speiser
algorithm which that match those in [1], where the authors derive the contributing rep-
resentations using the superconformal characters of Dolan [63]. One finds again that the
coefficients for the black representations must all vanish when solving the Ward identities.
We show explicitly in Appendix D how to determine the boundary channel coefficients

perturbatively using Mathematica.

D Solving the Superconformal Ward Identities

In this Section we show how to determine the boundary channel coefficients solving the Ward
identities (4.9) perturbatively in Mathematica. We focus here on the i—BPS supermultiplet,
but the same procedure can be straightforwardly generalized to the other SMs of (3.24) by
adapting the Ansatz for the superblock and the order of truncation. We start by defining the
superblocks flgdy and f)zdy as found in Section 4.1.2. The task is computationally challenging

Clear["Global %"]
orderz = 4;

building blocks, as derived
(z-1)?
B

&z 1=
[zl 4z

Pochhammer [a, n] Pochhammer [b, n] 2"
HyperApprox[a_, b_, c_, z_, order_] := Sum[ *—, {n, 0, order}];

Pochhammer[c, n] n!
flz_, 6.1 := (4&[2]) " «HyperApprox[&, & -1, 2% & - 2, -§[z] 7%, orderz];
r 1 1 2
hiw ,k ]:=w *HyperApprox[—, -k, = -k, W2, 4];
2 2

so we also approximate the hypergeometrics o F1 by their series

n

oF1(a,b,c;z) = Z(azz)(b)n;‘, |z| < 1
n=1 n :

where (q),, is the (rising) Pochhamer symbol. Recall that we are implicitly using the BOE
for Wa, (22, u2) in the boundary channel, hence assuming z | < 1. From (3.6) we see that
small zo | means large £, so ¢! < 1 and the series above converges. To further simplify
our task, we truncate the series to n = 4 from now on. Next we set up the Ansatz for
the superblock F, adding all coefficients found in Section C.3 for the %—BPS supermultiplet.
We also change variables from (w4, w_) to (wy,ws) using the replacement rule subswPM.
The coefficients are all gathered in a vector Coefs, numbered according to their order in
which their appear in (C.3a), (C.3b) and finally at level 3. The superprimary coefficient is
rescaled to 1 as can be seen in the definition of FlevelO.

Next, we compute the Ward identity Ward1 (4.9) for F. We here also define the Assumptions
to be taken into account when simplifying expressions later on. The RHS of (4.9) being 0,
we are free to multiply this expression to get rid of the factor of powers of parameters, which
only render the handling of expressions Mathematica more difficult. We can now simplify
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2 wl)3
subswPM = {wP-» (Wl xw2)2, wM—> [—)2};
w2

Coefs = Table[Subscript[c, i] [kP, kM], {i, 1, 13}];

*F(z,wl,w2), from my notesx
& = kP + kM;

Flevel® = h[wP, kP] <h[wM, kM] x f[z, &];

Flevell = (Coefs[1] ~h[wP, kP + 1] xh[wM, kM - 1] +
Coefs[[2] «h[wP, kP] xh[wM, kM - 1] +
Coefs[[3] «h[wP, kP - 1] x h[wM, kM + 1] +
Coefs[4] ~h[wP, kP - 1] xh[wM, kM] +
Coefs[5] < h[wP, kP] x h[wM, kM] +
Coefs[[6] «h[wP, kP - 1] xh[wM, kM - 1]) f[z, 6 +1];

Flevel2 = (Coefs[7] ~h[wP, kP] xh[wM, kM - 2] +
Coefs[[8] ~h[wP, kP] «xh[wM, kM - 1] +
Coefs[9] ~ h[wP, kP - 2]  h[wM, kM] +
Coefs[10] ~h[wP, kP - 1] ~ h[wM, kM] +
Coefs[11] «h[wP, kP] « h[wM, kM] +
Coefs[12] ~h[wP, kP - 1] ~h[wM, kM- 1]) f[z, & + 2];

Flevel3 = Coefs[13] ~h[wP, kP - 1] «xh[wM, kM -1] «f[z, & + 3];

F = FlevelO + Flevell + Flevel2 + Flevel3 /. subswPM;

$Assumptions = {z>1 && w1l > 0O && w2 > O && wP > @ && wM > B && kP > 2 && kM > 2} ;

Wardl = (D[F, wi] + ED[F, z]) /. {wl>z};
2

«Ward2 =( D[F,w2]+ ID[F,z]|/.{w2>z};+
\ 2
Clear[F]
Wardl
ez 2‘*“*“’ z | kW2 oo kp/2 |__KPw2 3 (1-kP) kPu2?z _ 15 (1-kP) (2-kP) kPw2® 22 _ 35 (1-kP) (2-kP) (3-kP) kPw2%z3
z w2 : 2(1wp) a(lowe) (2kp) 16 (2-kp) (2-kp) (2-kp) 32 (1-kp) (2-kp) (2—kp) [Z-kp)
V23 2 2 2 2 2 2 2 2 2
Lo WMz 3qa-kmkMz? 5 (1-kM) (2-kM) knz> _ 35 (1-kM) (2-kM) (3-kM) kMz*

2 (2om)uz s (2on) (i) w22 16 (Low) (Zoin) (S w23 128 (L) (o) (o) (Zow) w2t
2 2 2 2 2 2 2 2 2 2

Lo A(LekiekP) (KMekP) 2 8 (~1okMekP) (kKHokP)? (1okM+kP) 22 16 (~1okMekP) (KekP) (1-kiiekP)2 (2-kiekP) 2® 16 (-10kM+kP) (KM-kP) (1-kitekP)? (2:kit-kP)2 (3kitekp) z*
(-2+2 (KM+kP)) (-1+2)2  (-2+2 (kM+kP)) (-1+2 (kM+kP)) (-1+2)% 3 (<222 (kMekP)) (-1+2 (kM+kP)) (-1+2)6 3 (~2+2 (kM+kP)) (-1+2 (kM+kP)) (1+2 (kM+kP)) (-1+2)8
1
2
Full expression not available (original memory size: 1 MB) 3

«RHS of Ward is zero so can multiply to get rid of powers of parameterss

(=1 +2z)2)*HMkP 7y L2 /2
newWardl = |[Wardl | ——— (—2) (w2z)" // PowerExpand // Expand
z W

Clear [Ward1l]

22 (~10z)"272 (“1KH-KP) <2 (KNOKP) 343 (11.5)=2+2 (-1-KH-KP) +2 (kih-kP

-2+2 (kM+kP -2+2 (kM+kP,
1 g KM 1kP kP 16, kM kit 1-kP kP
6125 kM3 kP12 w22 2 2 (L1a7)-8+2 (-4-kM-kP)+2 (kM+kP) , 2 T27 2 T2 cqpke,kn
3 5 7 9 3 5 7 B N
72 (2-km) (2 k) (Zokn) (2okm) (2-kp) (2-kP) (Z-kP) (2-kP) (-242 (3+kM- ~142 (3+kM- +2 (3okM+kP
39221@ \Zk zk ZH \zk Zk Zkszk 2+2 (3+kM+kP 1+2 (3+kM+kP 142 (3+kM+kl
1 1k kMAi—kPAkP 16+ 1—kMAkH‘]—kP‘ kP
1225 ki kP12 w22 272 T2 (C14g) 872 (-4-kM-kP) <2 (kM-kP) > 2 T2 cqy ke, k)

6144 () (2oin) (Zoian) (2oiar) (k) (2-kp) (ZokP) (2-kP) (-202 (3+kM+kP) ) (12 (3+kMokP)) (1+2 (3+kiokP
2 2 2 2 2 2 2 2

Full expression not available (original memory size: 1.1 GB} 3

the powers of parameters appearing in newWardl to obtain simplifiedWardl. This is done
using parallel programming.

Moving on, we further simplify our expressions by taking a series expansion in z: this
yields simplifiedWardiSeries. One should keep in mind that £ > 1 corresponds to z < 1
so this approach is consistent with the fact that we are in the boundary channel. One
need to be careful with the order of truncation of this series expansion here, which should
match the order of truncation of the series expansion of the hypergeometric functions above.
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n[-]:= («COMPUTE: simplify the powerssx)
simplifiedWardl = Total [ParallelMap[# /. Power[z_, exp_] = z"Simplify[exp] &, List @@ newWard1]]
Export["C:/Users/kervy/Desktop/TMP/Erasmus/Charlotte Kristjansen/exprQuarterExtraSimplified.m", simplifiedWard1];
Clear [newWard1]

kM k2

2(2am w2 4tz a(iam)we 2(Eke) a(ioke)
2 2 2 2 2

KMKP _ kPu2 KM kP 12

30625 kM kP12 217 cq37kP, kM]

16

3072 (2-ki) (2 ki) (Z-ki) (2-k) (2-kP) [2-kP) (Z-kP) [2-KP) (-2+2 (3+kM-kP)) (~1+2 (3+kM+kP)) (1+2 (3+kM+kP)) (-1+z
2 2 2 2 2 2 2 2
42875 kM2 kP12 217 ¢y 3 [kP, kM)
. 6124 (2-k) (2 k) (Zoim) (2o (2okp) [2-kp) (Z-kP) (2-kP) (-2+2 (3+kMekP)) (-1+2 (3+kMekP)) (1+2 (3+kM+kP)) (-1+2)16
o 2 2 2 2 2 2 2 2
6125 ki3 kP12 217 ¢ 5 1kP, kM)
3 5 7 9 3 5 7 9 16
3072 (-] (3 -] (2 -kn) (3 -] (2-kp) (SkP) (2-KP) (3-kP) (-202 (3ekMkP)) (-1+2 (3+kH-kP)) (1+2 (3+kiirkP)) (-1+2)
1225 ki kP12 217 45 1kP, kM]
6148 (2 k) (2-kt) [Zok) (2] (2-kP) [2-kP] [Z-kP) [2-kP) (-2+2 (3+kM+kP)) (102 (3+kMekP)) (1+2 (3+kM+kP)) (-1+2)16
2 2 2 2 2 2 2 2
Full expression not available (original memory size: 0.7 GB <3

In[+]:= (*1list of powers of w2x)
powersw2 = Union [Exponent [#, w2] & /@ List @@ simplifiedWardl]

(«series in z, careful with the orderx
simplifiedWardlSeries = Total[ParallelMap[Normal[Series[#, {z, @, orderz}]] &, List @@ simplifiedWard1]]
Export["C:/Users/kervy/Desktop/TMP/Erasmus/Charlotte Kristjansen/exprQuarterExtraSimplifiedSeries.m", simplifiedWardiSeries];

000 kMo kM2 kP 2kMkP kP2 KM kh2 K2 KMk kit kP __kPw2
“1okMekP -1okMekP  -1+kMekP  -1okMekP  -1okMekP 2 (D)o 4 (Lokm) w2 2 (-1e2kM) w2 g (L) 2 (-1e2kmw2 o (Lpp)
2 2 2 2
KM KP w2 kP2 w2 KMkP w2 kP2 w2 12022 2 cgp kP, kM) 18 kPw2? 2ty (kP kM) 6 kP2 w22 2% cqp (kP kM

+ ~kMz-kPz-
a(iap)  a(iop)  2(-1e2kP) 2 (-1+2kP (-5+2kP) (-3+2kP. (-5+2kP) (-3+2kP (-5+2kP) (-3+2kP)
2 2

4 f 4 i 2,4 .
kP, ki M kP, kM K kP, kM
5 23 ¢q3 kP, kM) + 18 2% c13 [KP, kM] kM 2% C13 [kP, kM) + kP 2% cq3 [kP, ki) - 262 C13[KP, K] _ 30 kM7 c13 [P, K] _ SKMT 2" 13 [kP, K] _
2 2+kM-kP 2+kikP 2+ki+kP
30kPz% cy3[kP,kM] 12 kMKP 2% cq3 [kP,kM]  6kPZz%cy3 [kP,kM]  7z%cq3[kP,kM]  7kMz? cq3(kP,kM]  7w2z%cq3[kP,kM]  7kPw2 2% cq3 [kP,kM]

2-ki-kP 2-kM-kP 2-kM+kP 2 (-3+2kM) w2 2 (-3:2kM) w2 2 (-3-2kP 2 (-3-2kP

Full expression not available (original memory size: 3.9 MB) 3

Intuitively, this is because
-1 1
&= u ~— asz—0.
4z z

One is now finally in a position to solve the WI order by order in z and ws.

In[+]:= (*1list of coefs powers of zx)
powersz = Union [Exponent [#, z] & /@ List @@ simplifiedWardlSeries]
3 5

1 7
- e, TR AP A 4}

In[«]:= xthen look at each power of w2 in each power of zx)
Clear[finalSol]
finalSol = {};
SolCoefs = Coefs

outl-J= {ey[kP, kM], 5 [kP, kM], c3[kP, kM], cs[kP, kM], c5[kP, kM], cg[kP, kM],
c7[kP, kM], cg[kP, kM], co[kP, kM], cio[kP, kM], c11[kP, kM], c15[kP, kM], c13[kP, kM]}

Starting at z°, we pick up the relevant coefficient eqcoef in simplifiedWardiSeries. We
then pick up the coefficients of all powers of ws in eqcoef. Requiring that they all vanish
yields a set of equations, eqsz. It only remains to solve these for the Coefs. Here we find

B 2k_
C1 = Cky+k_+1,[ky+1,k_—1]) — _m’

_ 2k
€3 = Cllp+k_+1,[kp—1,k_+1]) = —ma

€5 = Clhoy +h_+1,[ks k_]) = 0-
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xstart with z%)
eqcoef = Coefficient[simplifiedWardiSeries, z, 0];
eqsz = (};
eqsz = Append[eqsz, # = 0] & /@ (Coefficient [eqcoef, w2, #] & /@ powersw2) // FullSimplify // Flatten;
sol = Solve[eqsz, Coefs] // Flatten
+finalSol=Union[finalSol,sol FullSimplify«

Clear [eqcoef, eqsz]

+++) Solve: Equations may not give solutions for all “solve” variables,

ey kP, kM) > - L c3 kP, kM] > -

L cs[kP, kiM] 5@
{ “1s2kM “1e2kp” }

- SolCoefs = SolCoefs /. sol
Clear[sol]
2kM 2kP
S, calkP, kM|, - ——,
L oc1s2km ~1+2kP
c7[kP, kM|, cg[kP, kM], co[kP, kM], cig[kP, kM|, c15[kP, kM|, c15[kP, kM], c13[kP, kMJ}

ca[kP, kM], @, cg[kP, kM],

Note that c5 corresponds to one of the black representations in (C.3a) which arise from RS
but not from using superconformal characters (see discussion of Section 4.2) and it is thus
expected that it vanishes.

Repeating the same steps at the next order in z, we find that co = ¢4 = 0, which was also
expected. The procedure continues until all coefficients are fully fixed.

xcontinue with z'/2s

1
eqcoef = Coefficient[simplifiedNardlSeries, z, E],

eqsz = {};
eqsz = Append[eqsz, # = 0] & /@ (Coefficient [eqcoef, w2, #] & /@ powersw2) // FullSimplify // Flatten;
sol = Solve[eqsz, Coefs] // Flatten
xfinalSol=Union [finalSol,sol FullSimplify=x)
Clear [eqcoef, eqsz]

++ Solve: Equations may not give solutions for all "solve" variables.
{cy[kP, kM] >0, c4[kP, kM] >0}
SolCoefs = SolCoefs /. sol

Clear[sol]

2 kM 2 kP
{ T2’ 1ok’ 8,0, cs[kP, kM, c7[kP, kM], cg[kP, kM], co[kP, kM], c1o[kP, kM], c11[kP, kM], c1[kP, kM], c13[kP, kMJ}
-1+ “1+
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